Mathematical
models in mechanics

Mechanics is the branch of mathematics which
deals with the action of forces on objects.
Mechanics can be used to answer questions about
many familiar situations — the motion of cars, the
speed of a parachutist, the stresses in a bridge or
the motion of the Earth around the Sun.

There are many factors that can complicate
real-world problems. The motion of a cricket ball
might be affected by the spin of the ball, the
effects of air-resistance or the roughness of the
pitch. We can simplify a problem by creating a
mathematical model. This model will involve
making a number of modelling assumptions,
such as ignoring air-resistance, or treating a
three-dimensional object as a particle.

Modelling assumptions
ignore air resistance

perfect bounce on a flat pitch *

constant force due to gravity & =9-8ms”

model ball as a particle

Modelling assumptions can simplify a problem,
and allow us to carry out an analysis of a real-life _ . .

. . . . . By modelling the motion of this
situation using known mathematical techniques. AL AT A L e s S
Having fewer modelling assumptions will usually techniques to predict whether it will
make a problem more difficult mathematically. hit the stumps.




CHAPTER 1

1,1 You need to understand the significance of different modelling assumptions,

and how they affect the calculations in a particular problem.

Here are some common models and modelling assumptions that you need to know.

Particle — an object which is small in comparison with other sizes or lengths can be
modelled as a particle. This means that the mass of the object can be considered to be
concentrated at a single point (a particle is often referred to as a point-mass). The fact that a
particle has no dimensions means that we can ignore the rotational effect of any forces that
are acting on it as well as any effects due to air resistance.

Rod - an object with one dimension small in comparison with another (such as a metre
ruler or a beam) can be modelled as a rod. This means that the mass of the object can
be considered to be distributed along a straight line. A rod has no thickness (it is one-
dimensional) and is rigid (it does not bend or buckle).

Lamina - An object with one dimension (its thickness) very small in comparison with the
other two (its length and width) can be modelled as a lamina. This means that the mass of
the object can be considered to be distributed across a flat surface. A lamina has no thickness
(it is two-dimensional). For example, a sheet of paper or metal could be modelled as a lamina.

Uniform body - If an object is uniform then its mass is evenly distributed over its entire
volume. This means that the mass of the body can be considered to be concentrated at a
single point (known as the centre of mass), at the ‘geometrical centre’ of the body. For
example, an unsharpened pencil could be modelled as a uniform rod. However, once it is
sharpened then its centre of mass would not be at its mid-point and we would model it as a
non-uniform rod.

Light object - If the mass of an object is very small in comparison with the masses of other
objects, we can model it as being light. This means that we can ignore its mass altogether
and treat it as having zero mass. Strings and pulleys are often modelled as being light.

Inextensible string - If a string does not stretch under a load it is inextensible or
inelastic. In M1 you will model all strings as being inextensible.

Smooth surface - If we want to ignore the effects of friction, we can model a surface as
being smooth. This means that we assume there is no friction between the surface and any
object which is moving or tending to move along it.

Rough surface - If a surface is not smooth it is said to be rough. We need to consider the
friction between the surface and an object moving or tending to move along it. For example,
a ski slope might be modelled as a smooth or a rough surface depending on the problem to be
solved.

Wire - A rigid thin length of metal, which is treated as being one-dimensional, is referred to
as a wire. A wire can be smooth or rough. We often consider beads which are threaded on a
wire.

Smooth and light pulley - In M1 you will model all pulleys as being smooth (there is
no friction at the bearing of the pulley or between the pulley and the string) and light (the
pulley has zero mass).
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e Bead - A particle which can be threaded onto, and move freely along, a wire or string is
called a bead.

o Peg - A support from which an object can be suspended or on which an object can rest is
called a peg. A peg is treated as being dimensionless (it is treated as a point) and is usually
fixed. A peg can be rough or smooth.

e Air resistance - When an object moves through the air it experiences a resistance due to
friction. In M1 you will model air resistance as being negligible.

e Wind - Unless it is specifically mentioned, you can usually ignore any effects due to the wind
in your models.

e Gravity - The force of attraction between all objects with mass is *
called gravity. Because the mass of the Earth is large, we can usually
assume that all objects are attracted towards the Earth (ignoring
any force of attraction between the objects themselves). We usually
model the force of the Earth’s gravity as uniform, and acting vertically
downwards. The acceleration due to gravity is denoted by g and is
always assumed to be constant at 9.8 m s~2. This value is given on the
front of the exam paper.

g=98ms?

Kinematics of a particle
moving in a straight line

After completing this chapter you should be able to

solve problems involving motion in a straight line
with constant acceleration

model an object moving vertically under gravity

understand distance-time graphs and speed-time graphs.



Kinematics of a particle moving in a straight line

2,] You can use the formulae v=u + atand s = (

straight line with constant acceleration.

u+v
2

)t for a particle moving in a

B You need to learn this list of symbols and what they represent.

s | displacement (distance)

u | starting (initial) velocity

v | final velocity

a | acceleration

t | time

u a v
—> —>> —>
Initial Constant Velocity after
velocity acceleration t seconds

@ @

< S
Initial position

Position after ¢ seconds

Displacements, velocities and accelerations have directions as well as sizes (or magnitudes).

You can derive the formulae for motion in a straight line with constant acceleration.

change in velocity
change in time

_v—u
t

e acceleration =

a

v=u+ at

For an object moving horizontally, the positive direction is
usually taken as left to right. The starting point of an object
is usually taken as the origin from which displacements are

measured.
ForP:s=—-4mandv=25ms!
ForQ:s=3mandv=-6ms!

Example |

e distance moved = average speed X time
u+v
2
u+v
s = t
2]

average speed =

Positive direction

2.5ms™! 6ms!

_> 44—

@ O

<—4m—>0|<—3 m—>

A particle is moving in a straight line from A to B with constant acceleration 3 ms~2. Its speed at
Ais 2ms ! and it takes 8 seconds to move from A to B. Find a the speed of the particle at B,

b the distance from A to B.

2ms!
—> —>
. ® .
A B

Start by drawing a diagram.

Write down the values you know and the

a=3%u=2t=8v=%s5=7¢

values you need to find.

a v=u+tat
=2+ (3X8)
= 26
The epeed of the particle at Bis
26ms .

You need v and you know u, a and t so you
can use v = u + at.



L g = (u + V)t . Choose the right formula then substitute in
2 the values you know.
_(2+ 26)
= X &
=5
=112

The distance from A to B is 112 m.

A cyclist is travelling along a straight road. She accelerates at a constant rate from a speed of
4ms!toaspeed of 7.5ms ! in 40 seconds. Find a the distance she travels in these 40 seconds,
b her acceleration in these 40 seconds.

N
wn
=
%]
L

Model the cyclist as a particle.

4;
Ik
".l'

u=4v=751t=40,s=%a=7%

2
2
You need a and you know v, u and t so you
= 250 canuse v = u + at.

The distance the cyclist travels

is 250 m.
Substitute the values you know into the
b V= + 2t » |> formula. You can solve this equation to find a.
75 =4+ 40a
75 -4 You could rearrange the formula before you
T —Z0 0.0875 substitute the values:

vV—_-u

a= t

The acceleration of the cyclist
is 0.0875mes 2.

In real-life situations values for the
acceleration are often quite small.

Large accelerations feel unpleasant and may
be dangerous.
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B If a particle is slowing down it has a negative acceleration. This is called deceleration or
retardation.

PENTIY 3 |

A particle moves in a straight line from a point A to a point B with constant deceleration
1.5ms 2. The speed of the particle at A is 8ms~! and the speed of the particle at Bis 2ms~!.
Find a the time taken for the particle to move from A to B, b the distance from A to B.

After reaching B the particle continues to move along the straight line with constant deceleration
1.5ms 2. The particle is at the point C 6 seconds after passing through the point A. Find c the
velocity of the particle at C, d the distance from A to C.

Positive direction

8ms™! 2ms™! - S
I I Mark the positive direction on your
o o o diagram.
A B C
u=6v=2a=-15t=%s5=7% The particle is decelerating, so the
value of a is negative.
a v=u-+at
2=56—-1bt
15t=6 -2
&—-2
1; =) =] 4_
1.5

The time taken to move from A to B is 4 s.

b (u+tv . You can use your answer from part a
5= as the value of t.

2
= (5 s 2) X 4 = 20
2
The distance from A to B is 20 m.

¢ uUu=56,a=—-1bt=06,v=72

v=u+at
=6+ (-15) X6 The velocity at C is negative. This
=8 —9=—1¢ means that the particle is moving

from right to left.
The veloci&of the particle is 1m s~ "in the

direction BA. Remember that to specify a velocity
\— it is necessary to give speed and
d o= (u + V)t direction.
2
&+ (-1 Make sure you use the correct sign
= 5 X G when substituting a negative value

into a formula.
The distance from A to Cis 21 m.



B Convert all your measurements into base Sl units before substituting values into the

formulae.
Measurement SI unit
time (f) seconds (s)

displacement (s)

metres (m)

velocity (v or u)

metres per second (ms™!)

acceleration (a)

metres per second per second (ms?)

A car moves from traffic lights along a straight road with constant acceleration. The car starts
from rest at the traffic lights and 30 second later the car passes a speed-trap where it is registered
as travelling at 45km h~!. Find a the acceleration of the car, b the distance between the traffic
lights and the speed-trap.

45kmh™" = 45 X 1000/3600 ms~"

=125 ms™’
Oms™! 12.5ms™!
—> —>
[ ) [ )
Lights Trap

u=0,v=125t=30,a=%25=7

a v=u-+at
125 =0 + 30a
_125 _ 5
730 12

The acceleration of the car

5 2

I5EI’H‘5 o ©

o= (o5

_ (o+12.5
2

= 1675

)xao

The distance between the traffic
lights and the speed trap is

1867.5 m.

Convert into Sl units, using:
Tkm = 1000 m
1T hour = 60 X 60s = 3600s

Model the car as a particle and draw a
diagram.

The car starts from rest, so the initial
velocity is zero.

This is an exact answer. If you want to give
an answer using decimals, you should round
to three significant figures.



Kinematics of a particle moving in a straight line

1

10

11

A particle is moving in a straight line with constant acceleration 3 ms~2. At time t = 0, the
speed of the particle is 2m s~ 1. Find the speed of the particle at time t = 65.

A particle is moving in a straight line with constant acceleration. The particle passes a point
with speed 1.2ms"!. Four seconds later the particle has speed 7.6 ms~!. Find the acceleration
of the particle.

A car is approaching traffic lights. The car is travelling with speed 10 ms~!. The driver applies
the brakes to the car and the car comes to rest with constant deceleration in 16s. Modelling
the car as a particle, find the deceleration of the car.

A particle moves in a straight line from a point A to point B with constant acceleration. The
particle passes A with speed 2.4 ms™!. The particle passes B with speed 8 ms™!, five seconds
after it passed A. Find the distance between A and B.

A car accelerates uniformly while travelling on a straight road. The car passes two signposts
360 m apart. The car takes 15 to travel from one signpost to the other. When passing the
second signpost, it has speed 28 ms~!. Find the speed of the car at the first signpost.

A particle is moving along a straight line with constant deceleration. The points X and Y are
on the line and XY = 120 m. At time t = 0, the particle passes X and is moving towards Y
with speed 18 ms~!. At time t = 105, the particle is at Y. Find the velocity of the particle at
time t = 10s.

A cyclist is moving along a straight road from A to B with constant acceleration 0.5 ms2.
Her speed at A is 3ms~! and it takes her 12 seconds to cycle from A to B. Find a her speed at
B, b the distance from A to B.

A particle is moving along a straight line with constant acceleration from a point A to a
point B, where AB = 24 m. The particle takes 6 s to move from A to B and the speed of the
particle at B is Sms™!. Find a the speed of the particle at A, b the acceleration of the particle.

A particle moves in a straight line from a point A to a point B with constant deceleration
1.2ms 2. The particle takes 6 to move from A to B. The speed of the particle at Bis 2ms™!
and the direction of motion of the particle has not changed. Find a the speed of the particle
at A, b the distance from A to B.

A train, travelling on a straight track, is slowing down with constant deceleration 0.6 ms2.
The train passes one signal with speed 72kmh™! and a second signal 25s later. Find a the
speed, in kmh™!, of the train as it passes the second signal, b the distance between the signals.

A particle moves in a straight line from a point A to a point B with a constant deceleration
of 4ms~2. At A the particle has speed 32m s~ ! and the particle comes to rest at B. Find a the
time taken for the particle to travel from A to B, b the distance between A and B.



12 A skier travelling in a straight line up a hill experiences a constant deceleration. At the
bottom of the hill, the skier has a speed of 16 ms™! and, after moving up the hill for 405, he
comes to rest. Find a the deceleration of the skier, b the distance from the bottom of the hill
to the point where the skier comes to rest.

13 A particle is moving in a straight line with constant acceleration. The points A, B and C lie on
this line. The particle moves from A through B to C. The speed of the particle at A is 2ms~!
and the speed of the particle at B is 7ms~!. The particle takes 20s to move from A to B.

a Find the acceleration of the particle.

The speed of the particle is C is 11 ms~!. Find

b the time taken for the particle to move from B to C,
¢ the distance between A and C.

14 A particle moves in a straight line from A to B with constant acceleration 1.5 ms2. It then
moves, along the same straight line, from B to C with a different acceleration. The speed of
the particle at A is 1 ms~! and the speed of the particle at C is 43 ms~!. The particle takes 12
to move from A to B and 10s to move from B to C. Find

a the speed of the particle at B,
b the acceleration of the particle as it moves from B to C,
¢ the distance from A to C.

15 A cyclist travels with constant acceleration x ms~?, in a straight line, from rest to Sms™! in
20s. She then decelerates from 5ms™! to rest with constant deceleration %x ms 2. Find a the
value of x, b the total distance she travelled.

16 A particle is moving with constant acceleration in a straight line. It passes through three
points, A, B and C with speeds 20ms™!, 30ms™! and 45 ms™! respectively. The time taken to

move from A to B is t; seconds and the time taken to move from B to C is t, seconds.

L 2
a Show that L3

Given also that the total time taken for the particle to move from A to C is 50s,
b find the distance between A and B.

2.7 You can use the formulae v2 = &2 + 2as, s = ut + Jat? and s = vt — Jat?for a
particle moving in a straight line with constant acceleration.

You can eliminate t from the formulae for constant acceleration.

T el Rearrange the formula v = u + at to make t
a the subject.
S:(u+v)(v—u)
2 a Substitute this expression for t into
- = (u + V)t
2as = v* — u? 2 )
B vZ=u?+ 2as Multiply out the brackets and rearrange.
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You can also eliminate v from the formulae for constant acceleration.

+u+
5T (uzﬂf)t Substitute v = u + atinto s = (” i V)t,
2
_(2u at)
= (&2 4+ 2=
3+
- (u + 1at)t
2 Multiply out the brackets and rearrange.

el
[ ] s—ut+zat2

Finally, you can eliminate u by substituting into this formula:

s= (v - abt + La

2 1

Substitute u = v — atinto s = ut + zat2.

PR [t
B s=vt 2at

B You need to remember the five formulae for solving problems about particles moving in a
straight lines with constant acceleration.
o Vv=u+at

u+v
7t
o V2 =u?+ 2as

.

You need to remember these formulae.
They are not given in the formula booklet in

o S = ut + %atz your exam.
o s=vt-— %at2

A particle is moving along a straight line from A to B with constant acceleration Sm s~2. The
velocity of the particle at A is 3ms™! in the direction AB. The velocity of the particle at B is
18 ms™! in the same direction. Find the distance from A to B.

Positive direction

3ms™!

18ms™!
—> —>
, ’ Write down the values you know and the
values you need to find. This will help you

B/ choose the correct formula.
a=5u=3v=18,s5=7%

_ 5 . t is not involved so choose the formula that
V2= 12+ 235 S
does not have tin it.

182=232+2X5Xs

oz4 =9+ 109 Substitute in the values you are given and
324 —9 _ solve the equation for s. This gives the
7= 10 =515 distance you were asked to find.
AB = 315m

10



_ CHAPTER 2

A car is travelling along a straight horizontal road with a constant acceleration of 0.75ms2.
The car is travelling at 8 m s~ ! when it passes a pillar box. 12 seconds later it passes a lamp post.
Find a the distance between the pillar box and the lamp post, b the speed with which the car
passes the lamp post.

Positive direction

8ms™!
— —
< s > You are given g, u and t and asked to find s.

/ The final velocity, v, is not given or asked for,
a a=075u=8t=12,5=72 so choose the formula without v.

6= ut + Lat?

2 In part b, you can use the same values for
_ 1 2 a, u and t but you are now asked to find v.
=6 X = X 0.75 X —— AN )
eoie = 2 0.75 X 12 In this part s is not needed, so choose the
= 96 + 54 = 150 formula without s.

The distance between the pillar box

You could also solve part b using the value
and the lamp post is 150 m. P 9

of s found in part a and the formula
vZ = u? + 2as.

b a=075,u=8t=12,v=7¢

v=u-+t+at e
There is an element of risk in using s = 150.
=&+ 075 X12 This is your answer to part a and everyone
=17ms" makes mistakes from time to time. In
examinations, it is a good plan to use the
The epeed of the car at the lamp data given in a question, rather than your
post is17ms™ . own answer, unless this is impossible or
causes a lot of extra work.
Example

A particle moves with constant acceleration 1.5ms 2 in a straight line from a point A to a point
B, where AB = 16 m. At A, the particle has speed 3ms™!. Find the speed of the particle at B.

There is no t here, so choose the formula

a=1b5u=335=16,v=72 without t.

v2=u2—|-225./

v2 = 57 has two possible solutions,

=232+ 2X15X16 v = +v/57. Look at the question to decide
whether you need the positive or negative

v= Vb7 = 75498... * solution (or both). The particle has positive
The speed of the particle at B is acceleration and positive initial speed, so v

must be positive.
7.55m s, to three significant figures. «_|

It is usually reasonable to give your answer
to three significant figures.

11



Kinematics of a particle moving in a straight line

A particle is moving in a straight horizontal line with constant deceleration 4 ms~2. At time

t = 0 the particle passes through a point O with speed 13 ms~! travelling towards a point A where
OA = 20m. Find a the times when the particle passes through A, b the velocities of the particle
when it passes through A, ¢ the values of t when the particle returns to O.

Positive direction

13ms!
—>

i ) o
0 < 20m >A

a a=—4,u=135=20,t=7

6= Ut + 1at? .

2
202151:—%><4t2
= 13t — 2t?

2t — 13t + 20 = O »

(2t - 5)(t—4) =0

_5
i 2,4

The particle moves through A twice,
2l seconds and 4 seconds after

2
moving through O.

|O1

b u=15,a=—4,t=2,v=?
v=u+3t/
=%—4x%
=3
u=13,a=—-4t=4v=>72°
v=u-+at

= -3

When t = % the particle passes
through A with velocity 3m s

the direction ﬁ

in

When t = 4, the particle passes

through A with velocity 3m s in

the direction TO

12

The particle is decelerating so the value of a
is negative.

You are told the values of a, u and s

and asked to find t. You are given no
information about v and are not asked to
find it so you choose the formula without v.

This is a quadratic equation. You can solve it
using factorisation, or by using the
—b + Vvb? — 4ac

quadratic formula: x = o

There are two answers. Both are correct. The
particle moves from O to A, goes beyond A
and then turns round and returns to A.

There are two values of t and you have to
find the velocity of both. The formula
v = u + atis the simplest one to use.

This answer is positive, so the particle is moving
in the positive direction (away from O).

The value of v is negative when t = 4,
so the particle is moving in the negative
direction (towards O).

Remember a velocity has a direction as well
as a magnitude. Velocity is a vector quantity.
When you are asked for a velocity, your
answer must contain a direction as well as a
magnitude.



c

The particle returns to O when -—
s = 0.
s=0,u=1%,a= —4,t=7
_ 1 .0
= d L
IZ ut Zat
O — aE = 2
= t(13 — 2t)
_n 15,
t=20, 5

The particle returns to O
6.5 seconds after it first passed
through O.

Example [}

A cyclist is moving along a straight road with constant acceleration. She first passes a shop and
10 seconds later, travelling at 8ms~!, she passes a street sign. The distance between the shop and
the street sign is 60 m. Find a the acceleration of the cyclist, b the speed with which she passed
the shop.

a

t=10,v=8,5=060,8=7

5=vt—%at2

60=&><10—%><a><100

60 = 60 — 502
50a = 60 — 60 = 20

50

The acceleration of the cyclist is
04ms 2,

v=86,t=10,a=04,u=7
Vv=u-+ at e

S=u+10 X 04
u=56—-10X04=4

The cyclist passes the shop with

speed 4ms .

13

When the particle returns to O, its
displacement (distance) from O is zero.

The first solution (t = 0) represents the
starting position of the particle. The other
solution (t = %) tells you when the particle
returns to O.

There is no u, so you choose the formula
without u.

Substitute into the formula and solve the
equation for a.

v = u + at has been chosen as it is a simple
u+ V)t

2

which would avoid using your answer to

part a.

formula. You could also use s = (



Kinematics of a particle moving in a straight line

A particle P is moving on the x-axis with constant deceleration 2.5ms™2. At time t = 0, the
particle P passes through the origin O, moving in the positive direction of x with speed 15ms~!.
Find a the time between the instant when P first passes through O and the instant when it
returns to O, b the total distance travelled by P during this time.

Before you start, draw a sketch so
you can see what is happening.
The particle moves through O
with a positive velocity. As it is
> ) decelerating it slows down and

|

|

A

Positive direction

will eventually have zero velocity
at a point A, which you don’t
yet know. As the particle is still

x decelerating, its velocity becomes
negative, so the particle changes
direction and returns to O.

<
«<

a a=—2bu=1,5s=0,t=7¢

5= ut+ %atz
1 When the particle returns to O,

O=1t—=X25Xt? its displacement (distance) from
2 Ois zero.
0 = 60t — 5t?
=5t(12 — t)
t=0,t=12 Multiply by 4 to get whole-

number coefficients.
The particle F returns to O after 12 a.

b a=-25u=1HB,v=0,5=7¢

o At the furthest point from O,
v =P+ 2as labelled A in the diagram, the

02=152 — 2 X 25 X 5 particle changes direction. At
, that point, for an instant, the
5s = 15° = 225 particle has zero velocity.
225
=222 =45
5

oz aiztziion O = A In the 12s the particle has been

The total distance travelled by F is moving it has travelled to A and
. back. The total distance travelled
2 X45m = 90m.

is twice the distance OA.

1 A particle is moving in a straight line with constant acceleration 2.5 ms™2. It passes a point A
with speed 3ms~! and later passes through a point B, where AB = 8 m. Find the speed of the
particle as it passes through B.

2 A caris accelerating at a constant rate along a straight horizontal road. Travelling at §m s,

it passes a pillar box and 6s later it passes a sign. The distance between the pillar box and the
sign is 60 m. Find the acceleration of the car.

14



10

11

12

13

A cyclist travelling at 12ms~! applies her brakes and comes to rest after travelling 36 m in
a straight line. Assuming that the brakes cause the cyclist to decelerate uniformly, find the
deceleration.

A particle moves along a straight line from P to Q with constant acceleration 1.5ms 2. The
particle takes 4 s to pass from P to Q and PQ = 22 m. Find the speed of the particle at Q.

A particle is moving along a straight line OA with constant acceleration 2ms~2. At O the
particle is moving towards A with speed 5.5 ms™!. The distance OA is 20 m. Find the time the
particle takes to move from O to A.

A train is moving along a straight horizontal track with constant acceleration. The train
passes a signal at 54km h~! and a second signal at 72km h~!. The distance between the two
signals is 500 m. Find, in ms~2, the acceleration of the train.

A particle moves along a straight line, with constant acceleration, from a point A to a point
B where AB = 48 m. At A the particle has speed 4m s~ ! and at B it has speed 16 ms™ 1.
Find a the acceleration of the particle, b the time the particle takes to move from A to B.

A particle moves along a straight line with constant acceleration 3 ms~2. The particle moves
38 m in 4s. Find a the initial speed of the particle, b the final speed of the particle.

The driver of a car is travelling at 18 ms~! along a straight road when she sees an obstruction
ahead. She applies the brakes and the brakes cause the car to slow down to rest with a
constant deceleration of 3 ms~2. Find a the distance travelled as the car decelerates,

b the time it takes for the car to decelerate from 18 ms! to rest.

A stone is sliding across a frozen lake in a straight line. The initial speed of the stone is
12ms~ 1 The friction between the stone and the ice causes the stone to slow down at a
constant rate of 0.8 ms~2. Find a the distance moved by the stone before coming to rest,
b the speed of the stone at the instant when it has travelled half of this distance.

A particle is moving along a straight line OA with constant acceleration 2.5 ms 2. At time
t = 0, the particle passes through O with speed 8 ms~! and is moving in the direction OA.
The distance OA is 40 m. Find a the time taken for the particle to move from O to 4,

b the speed of the particle at A. Give your answers to one decimal place.

A particle travels with uniform deceleration 2ms~2 in a horizontal line. The points A and

B lie on the line and AB = 32m. At time t = 0, the particle passes through A with velocity
12ms in the direction AB. Find a the values of t when the particle is at B, b the velocity of
the particle for each of these values of t.

A particle is moving along the x-axis with constant deceleration 5ms~2. At time t = 0, the
particle passes through the origin O with velocity 12ms~! in the positive direction. At time
t seconds the particle passes through the point A with x-coordinate 8. Find a the values of t,
b the velocity of the particle as it passes through the point with x-coordinate —8.

15
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Kinematics of a particle moving in a straight line

A particle P is moving on the x-axis with constant deceleration 4 ms~2. At time t = 0, P
passes through the origin O with velocity 14 ms™! in the positive direction. The point A
lies on the axis and OA = 22.5m. Find a the difference between the times when P passes
through A, b the total distance travelled by P during the interval between these times.

A car is travelling along a straight horizontal road with constant acceleration. The car passes
over three consecutive points A, B and C where AB = 100m and BC = 300 m. The speed of
the car at Bis 14 m s ! and the speed of the car at C is 20 m s~ !. Find a the acceleration of the
car, b the time take for the car to travel from A to C.

Two particles P and Q are moving along the same straight horizontal line with constant
accelerations 2ms 2 and 3.6 ms~2 respectively. At time t = 0, P passes through a point A
with speed 4 ms~!. One second later Q passes through A with speed 3ms~!, moving in the
same direction as P.

a Write down expressions for the displacements of P and Q from A, in terms of f, where
t seconds is the time after P has passed through A.

b Find the value of t where the particles meet.
¢ Find the distance of A from the point where the particles meet.

2.3 You can use the formulae for constant acceleration to model an object moving

vertically in a straight line under gravity.

The force of gravity causes all objects to accelerate towards the earth. If you ignore the effects
of air resistance, this acceleration is constant. It does not depend on the mass of the object.

This means that in a vacuum an apple and a feather would both accelerate downwards at
the same rate.

On earth, the acceleration due to gravity is represented
by the letter g and is approximately 9.8 m s~2. The actual
value of the acceleration can vary by very small amounts
in different places due to the changing radius of the Earth
and height above sea level. * *

g=9.8ms? g=98ms?

In M1 you will always use § = 9.8 ms~2. This is an approximation ) o
to two significant figures. If you use this value in your working Objects falling in a vacuum
you should give your answer to the same degree of accuracy. accelerate at the same rate

regardless of their mass or size.

An object moving vertically in a straight line can be modelled as a particle with a constant
downward acceleration of g = 9.8 ms~2

When solving problems about vertical motion you can choose the positive direction to be
either upwards or downwards. Acceleration due to gravity is always downwards, so if the
positive direction is upwards then a = =9.8 ms=2

The total time that an object is in motion from the time it is projected (thrown) upwards to
the time it hits the ground is called the time of flight. The initial speed is sometimes called
the speed of projection.

16



A ball B is projected vertically upwards from a point O with speed 12ms~!. Find a the greatest
height above O reached by B, b the total time before B returns to O.

You first decide which direction you

Greatest height will take as positive. As the ball is

./ projected upwards, you take the
A upwards direction as positive.
Positive i
directi | o .
Hecton Am Writing the unknown is h metres helps
Lo you to remember you are finding a
E height!
12 ms™? T i
o
a u=ie At the highest point of its path, the
v=20 ¢ ball is turning round. For an instant, its

speed is zero.

a=—95
s=h
V= u? + 2as
0?=122—-2X986 X h The positive direction is upwards,
. 22 a4 s ir;ga%rjev'ity acts downwards, so a is
2X986 190 '

The greatest height above O reached by
Bis 7.4 m, to two significant figures.

’

Write your answer correct to two

b s5=0 significant figures.
u=12
a= —96
t=72 . -
When the ball returns to its original
s = ut + latz position O, its displacement from O is
2 zero.

O=12t—%><9.5><t=t(12—4.9t)

_ 12 _
i 49 2.446...

The time taken for B to return to O is
2.4 5, to two significant figures.

>

This equation has two answers but one
of them is t = 0. This represents the
start of the ball’s motion, so you want
the other answer.

You must work to at least three
significant figures and correct your
answer to two significant figures.
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Kinematics of a particle moving in a straight line

A book falls off the top shelf of a bookcase. The shelf is 1.4 m above a wooden floor. Find a the
time the book takes to reach the floor, b the speed with which the book strikes the floor.

Model the book as a particle moving
Q@oms! in a straight line with a constant

y acceleration of magnitude 9.8 ms2.
o As the book is moving downwards
Positive throughout its motion, it is sensible
direction

to take the downwards direction as
positive.

NN Y
]

a s=14 You have taken the downwards
— 198 direction as positive and gravity acts
2= ' downwards. Here the acceleration is

u=20 positive.
t=7?
6= ut + Lat?
2 Assume the book has an initial speed
: of zero.
14=o+§x98xﬁ
2 =14 = 028p7...

4.9 Choose the formula without v.

t=v0.2857... = 0.5345...

The time taken for the book to reach the Solve the equation for 2 and use your
floor is 0.53 s, to two significant figures. calculator to find the positive square

root.
b s=14
a=956 .
Remember to give the answer to two

u=20 significant figures.
v=72
Vo= 12 + 235 o Choose the formula without t.

024+ 2 X 9.8 X14=2744
v=+2744 = 5238, =52

The book hits the floor with speed 5.2 m 5!,

to two significant figures.
Remember to show your working to at
least three significant figures. You can

use unrounded values in your

calculations by using the m button
on your calculator.

18



A ball is projected vertically upwards, from a point X which is 7m above the ground, with speed
21ms™ L Find a the greatest height above the ground reached by the ball, b the time of flight of
the ball.

In this sketch the upward and
Height reached downwards motion have been
sketched side by side. In reality
they would be on top of one
another, but drawing them
separately makes it easier to see

Positive J what is going on.
direction
a v
You model the ball as a particle
I @x moving in a straight line with
7m a constant acceleration of
a u=~21 7777757777777’77 magnitude 9.8 ms~2.
v=20
a= —96 o . .
At its highest point, the ball is
5=7 turning round. For an instant, it
2= 12+ 245 is neither going up or down, so

its speed is zero.
02=2124+2 X (—-9.8) X 5 = 441 — 19.65

_ 441 _
196 225 \\ 22.5m is the distance the ball
(225 + 7)m = 295m has moved above X but X is

7 m above the ground. You must

The greatest height reached by the ball above add on another 7 m to get the
the ground is 30 m, to two significant figures. greatest height above the ground
reached by the ball.
b s=—7
u=21
The time of flight is the total
a=—-956 time that the ball is in motion
£=7 from the time that it is projected
' 1 to the time that it stops moving.
5= ut+ Eatz Here the ball will stop when it
B ; hits the ground. The point where
—7 =21t — 49t the ball hits the ground is 7m
49t2 — 21t — 7 =0 below the point from which it
was projected so s = —7.
—b = /(¥ — 4ac)
L=
24
(=21 % \/((—21)2 — 4 X 49 X (7)) L Rearrange the equation and use
- > X 4.9 the quadratic formula.
_ 21 V5782 __ 21 £ 24.046
9.6 9.6

The negative answer represents

~ 45905, —0.510& ‘\ a time before the particle was
The time of flight of the ball is 4.6 s, to two pligjite, 50 Yo e e
positive answer. Remember

significant figures. to give your answer to two
significant figures.
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Kinematics of a particle moving in a straight line

A particle is projected vertically upwards from a point O with speed um s~!. The greatest height
reached by the particle is 62.5 m above O. Find a the value of u, b the total time for which the
particle is SOm or more above O.

The particle will pass through

4 the point 50 m above O twice.
Once on the way up and once
on the way down.
Positive | =77 K
direction
62.5m
A v S50m
ums*lT“" @ ! : 0]
a v=20
5= 025
a= —96
y = There is no t, so you choose
' the formula without t.
v = u? + 225
0?2=12—-2X98 X 0625
u? =1225

In this part, you obtain an
u=+1225 = 35 exact answer, so there is no
need for approximation.

b s =50
u=235
a=-95 Two values of t need to be
t=7? found: one on the way up and
1 one on the way down.
5= ut + =at?
2
50 = 35t — 4.9t7
4.9t — 35t + B0 = O Write this equation in the form

ax? + bx + ¢ = 0 and use the

. —b = J(P¥ — 4ac) quadratic formula.

24
_ 35 % ,/(35% — 4 X 4.9 X 50)
B 2.6
_ b v245 _ 35 £ 15.6525
9.6 9.6 Between these two times the

_ particle is always more than
O Shnan TR ‘  50 m above O. You find the
(5.1666...) — (1.9742...) = 3.194 total time for which the particle
is 50 m or more above O by
The total time for which the particle is 50 m or finding the difference of these
more above O is 3.2 m, to two significant figures. two values.
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A ball A falls vertically from rest from the top of a tower 63 m high. At the same time as A begins
to fall, another ball B is projected vertically upwards from the bottom of the tower with speed

21 ms™ 1. The balls collide. Find the distance of the point where the balls collide from the bottom
of the tower.

You must take special care with problems
where objects are moving in different
directions. Here A is moving downwards
and you will take the acceleration due to
gravity as positive. However B is moving
upwards so for B the acceleration due to
v gravity is negative.

63m

For A, the motion is downwards

u=20 You cannot find s, at this stage. You have to
express it in terms of t.
2=96 P

_ 1 .2
s = ut + =at
T

4,912 As B is moving upwards, the acceleration

due to gravity is negative.

9y

For B, the motion is upwarde

u=2i You now have expressions for s; and s, in
a=-986 terms of t.
_ 1 .2
s = ut + =at
2
5, = 21t — 4.9t%° Adding together the two distances gives the

—— height of the tower. You can write this as an

The height of the tower is 63 m. equation in t.

5+ 5, =03+
4.9t? + (21t — 4.9t?) = 63 + The 4.9t and —4.9t? cancel.
21t = 65
t=23 You have found t but you were asked
_ - for the distance from the bottom of the
6, = 2lt — 4.9¢ tower. Substitute your value for t into your

equation for s,.

=21X3—-49 X3 =189

The balls collide 19 m from the bottom
of the tower, to two significant figures.
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Kinematics of a particle moving in a straight line

Exercise

1

10

11

12

13

14

A ball is projected vertically upwards from a point O with speed 14 ms~!. Find the greatest
height above O reached by the ball.

A well is S0m deep. A stone is released from rest at the top of the well. Find how long the
stone takes to reach the bottom of the well.

A book falls from the top shelf of a bookcase. It takes 0.6 s to reach the floor. Find how far it
is from the top shelf to the floor.

A particle is projected vertically upwards with speed 20ms~! from a point on the ground.
Find the time of flight of the particle.

A ball is thrown vertically downward from the top of a tower with speed 18 ms™!. It reaches
the ground in 1.6s. Find the height of the tower.

A pebble is catapulted vertically upwards with speed 24 ms™!. Find a the greatest height
above the point of projection reached by the pebble, b the time taken to reach this height.

A ball is projected upwards from a point which is 4 m above the ground with speed 18 ms™1.
Find a the speed of the ball when it is 15 m above its point of projection, b the speed with
which the ball hits the ground.

A particle P is projected vertically downwards from a point 80 m above the ground with speed
4ms~ . Find a the speed with which P hits the ground, b the time P takes to reach the ground.

A particle P is projected vertically upwards from a point X. Five seconds later P is moving
downwards with speed 10ms~!. Find a the speed of projection of P, b the greatest height
above X attained by P during its motion.

A ball is thrown vertically upwards with speed 21 ms~!. It hits the ground 4.5 s later. Find
the height above the ground from which the ball was thrown.

A stone is thrown vertically upward from a point which is 3 m above the ground, with speed
16 ms~L Find a the time of flight of the stone, b the total distance travelled by the stone.

A particle is projected vertically upwards with speed 24.5ms™!. Find the total time for which
itis 21 m or more above its point of projection.

A particle is projected vertically upwards from a point O with speed ums~!. Two seconds
later it is still moving upwards and its speed is %um s~ 1. Find a the value of u, b the time
from the instant that the particle leaves O to the instant that it returns to O.

A ball A is thrown vertically downwards with speed Sms~! from the top of a tower block
46 m above the ground. At the same time as A is thrown downwards, another ball B is
thrown vertically upwards from the ground with speed 18 ms~!. The balls collide. Find the
distance of the point where A and B collide from the point where A was thrown.
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15 A ball is released from rest at a point which is 10 m above a wooden floor. Each time the ball
strikes the floor, it rebounds with three-quarters of the speed with which it strikes the floor.
Find the greatest height above the floor reached by the ball a the first time it rebounds from
the floor, b the second time it rebounds from the floor.

16 A particle P is projected vertically upwards from a point O with speed 12ms™!. One second
after P has been projected from O, another particle Q is projected vertically upwards from O
with speed 20m s~ !. Find a the time between the instant that P is projected from O and the
instant when P and Q collide, b the distance of the point where P and Q collide from O.

2,4 You can represent the motion of an object on a speed-time graph or a distance-
time graph

B In a speed-time graph speed is always plotted on the vertical axis and time is always
plotted on the horizontal axis. This speed-time graph represents the motion of a particle
accelerating from speed u at time 0 to speed v at time t.

speed

v

. . change of velocity Using the formula for the area of a trapezium:
Gradient of line = -
time
=Tl g Shadedarea=(“+v)t
t 2
So the gradient of the speed-time graph is =
the acceleration of the particle. If the line is So the area under the speed-time graph is
straight the acceleration is constant. the distance travelled by the particle.

B The gradient of a speed-time graph is the acceleration.

B The area under a speed-time graph is the distance travelled.

You can also draw acceleration-time graphs and distance-time graphs for the motion of a
particle. Time is always plotted on the horizontal axis.

If a particle is moving with constant speed its distance-time graph will be a straight line. If it is
accelerating or decelerating then its distance-time graph will be a curve.
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Kinematics of a particle moving in a straight line

A car accelerates uniformly from rest for 20 seconds. It travels at a constant speed for the
next 40 seconds, then decelerates uniformly for 20 seconds until it is stationary. Sketch a an
acceleration—-time graph, b a distance-time graph for the motion of the car.

~Y

20 60 80

Example

The figure shows a speed—time graph illustrating the motion of a cyclist moving along a straight
road for a period of 12s. For the first 85, she moves at a constant speed of 6 ms~!. She then
decelerates at a constant rate, stopping after a further 4s.

v(ms™t)

0 12 ts)

V=== =======

Find a the distance travelled by the cyclist during this 12 s period, b the rate at which the cyclist
decelerates.

The distance travelled is

Model the cyclist as a particle moving in a represented by the area of the
straight line. trapezium with these sides.
a The distance travelled is given by 8
1
=_(a+
5 2(5 b)h 6
= %(5 +12) X 6
12
=10 X 6 = 00
You can use the formula for the
The distance travelled by the cyclist is ©0 m. area of a trapezium to calculate

this area.
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The gradient is given by

b The acceleration is the gradient of the slope. N e
& the difference in the t coordinates
a=——=-15
4 i
The deceleration is 1.5 ms™ <. 6 i
8 12

Here, the value of v decreases by
6 as t increases by 4.

Example [F]

A car is waiting at traffic lights. When the lights turn green, the car accelerates uniformly from
rest to a speed of 10ms~! in 20s. This speed is then maintained until the car passes a road sign
50 after leaving the traffic lights.

a Sketch a speed-time graph to illustrate the motion of the car.
b Find the distance between the traffic lights and the road sign.

Model the car as a particle moving in a straight
line.

a
v(ms™1) When you are asked to sketch a

graph you should use ordinary
paper and not graph paper. You
should use a ruler but you do not
have to draw lengths accurately
to scale. You should label the

R axes and indicate any relevant

0 20 50 £(s) information given in the question.

10 -----=---

b The distance travelled is given by
1

The dimensions of the trapezium

5= E(a + b)h are:
- %(50 +50) X 10 30
= 40 X 10 = 400 / 10
The distance between the traffic lights and the S0

road sign is 400 m.
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Example [B

Kinematics of a particle moving in a straight line

A particle moves along a straight line. The particle accelerates uniformly from rest to a speed of
8ms ! in T seconds. The particle then travels at a constant speed of 8 ms~! for 5T seconds.
The particle then decelerates uniformly to rest in a further 40s.

a

Sketch a speed-time graph to illustrate the motion of the particle.

Given that the total distance travelled by the particle is 600 m, b find the value of T, ¢ sketch an
acceleration-time graph illustrating the motion of the particle.

v(ms™) a

8_____

OTow—5T— ><—40— #(s)

The area of the trapezium is:

S

N|— N|—

(BT + 6T + 40) X &

= 4(MT + 40)
The distance moved is 600 m.
4(MT + 40) = 600 -

(a + b)h/

44T + 160 = 600

_ 600 — 160 _
il

The acceleration in the first 10 s is given by

_ 56 _ .
a=15 0.8.
The acceleration in the last 40 s is given by
— =2 _ _g2:
a= 0.2
a(ms™2) 4
8 -—
o/ 10 60 100 ts)
—0.2F----mmmm e —
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The length of the shorter of the two
parallel sides is 5T. The length of the
longer side is

T+ 5T+ 40 = 6T + 40.

The distance moved is equal to the
area of the trapezium. Write an
equation and solve it to find T.

For the first ten seconds the
v-coordinate increases by 8 as the
t-coordinate increases by 10.
This gives a positive answer.

In the last forty seconds the
v-coordinate decreases by 8 as the
t-coordinate increases by 40.

This gives a negative answer.



Example FX)

A car C is moving along a straight road with constant speed 17.5ms"!. At time t = O,

C passes a lay-by. At time t = 0, a second car D leaves the lay-by. Car D accelerates from rest to
a speed of 20ms~!in 15s and then maintains a constant speed of 20ms~!. Car D passes

car C at a road sign.

I |

a On the same diagram, sketch speed-time graphs to illustrate the motion of the two cars.

b Find the distance between the lay-by and the road sign.

v(ms™!
( )4 You should label the lines so that it
204---- D is clear which represents the motion
175 /. ; of C and which represents the
’ C ! motion of D.
0 1'5 1', 1s) It is difficult to find the distance

travelled directly. You can find the
time the cars pass first. It does not

/ matter what letter you choose for
b Let D pass Cattimet=T. the time. T has been used here.

The distance travelled by C is given by As C is travelling at a constant speed

5 =175T you use the formula
distance = speed X time.

The distance travelled by D is given by

5= =(a+ bh

N —

(T—15+ T) X 20 »

N|—

= 10(2T — 15)

The distances travelled by C and D are the
same.

10(2T — 15) = 17.5T »
20T — 150 = 175T

25T = 150
=190 _
T=2g =60

5 =175T =175 X 60 = 1020 -

The distance from the lay-by to the road
sign is 1050 m.
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The longer of the parallel sides of
the trapezium is T. The shorter of
the parallel sides is (T — 15).

As the cars were at the lay-by at the
same time and the road sign at the
same time, the distance travelled
by both of them is the same. You
equate the distances to get an
equation in T and solve it.

To find the distance travelled you
can substitute into the expression
for the distance travelled by either C
or by D.



Kinematics of a particle moving in a straight line

A particle is moving along a horizontal axis Ox. At time t = 0, the particle is at rest at O. The
particle then accelerates at a constant rate, reaching a speed of ums~! in 16s. The particle
maintains the speed of ums™! for a further 32s. After 48, the particle is at a point A, where

OA = 320m.

a Sketch a speed-time graph to illustrate the motion of the particle.

b Find the value of u.

c Sketch a distance-time graph for the particle.

v(ms1)

b %(52 + 48) X u = 320
40u = 320
u=25

16

48

£(s)

¢ The gradient of the line in the first 165 is

the acceleration and is given by

I L

1

5= ut + —at?
2

_ 1
i

Whent = 16, 5 = + X 162 = 64

S(m) A

3201

64

0]

48

t(s)
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The area of the trapezium is 320.
You use this to obtain an equation in
u, which you solve.

Use your answer from part b and
the property that the gradient of a
speed-time graph is the acceleration
to find the value of the acceleration.

The initial speed is zero and the

acceleration is %

For the first 16 s the distance-time
graph is a curve. It is part of the
parabola with equation s = ;2.

For the following 325, the particle
moves with constant speed and the
graph is a straight line.



1 v(ms™!) o

12 ()

I A

0]

The diagram shows the speed-time graph of the motion of an athlete running along a
straight track. For the first 45, he accelerates uniformly from rest to a speed of 9ms~1.
This speed is then maintained for a further 8s. Find

a the rate at which the athlete accelerates,
b the total distance travelled by the athlete in 12s.

2 A caris moving along a straight road. When t = Os, the car passes a point A with speed
10m s~ ! and this speed is maintained until t = 30s. The driver then applies the brakes and
the car decelerates uniformly, coming to rest at the point B when t = 42s.

a Sketch a speed-time graph to illustrate the motion of the car.
b Find the distance from A to B.

3 v(ms™!)

8+-------

0 20 60 75 )

The diagram shows the speed-time graph of the motion of a cyclist riding along a straight
road. She accelerates uniformly from rest to 8 ms~! in 20s. She then travels at a constant
speed of 8 m s~ ! for 40s. She then decelerates uniformly to rest in 15s. Find

a the acceleration of the cyclist in the first 20 s of motion,
b the deceleration of the cyclist in the last 15s of motion,
c the total distance travelled in 75s.

4 A car accelerates at a constant rate, starting from rest at a point A and reaching a speed of
45kmh~!in 20s. This speed is then maintained and the car passes a point B 3 minutes after
leaving A.

a Sketch a speed-time graph to illustrate the motion of the car.
b Find the distance from A to B.

5 A motorcyclist starts from rest at a point § on a straight race track. He moves with constant
acceleration for 15, reaching a speed of 30 ms~!. He then travels at a constant speed of
30ms~! for T seconds. Finally he decelerates at a constant rate coming to rest at a point F,
25 s after he begins to decelerate.

a Sketch a speed-time graph to illustrate the motion.
Given that the distance between S and F is 2.4 km,
b calculate the time the motorcyclist takes to travel from § to F.

29



Kinematics of a particle moving in a straight line

v(ms™')
40_\
16 -~ : !
0 30 100 (s

A train is travelling along a straight track. To obey a speed restriction, the brakes of the train
are applied for 30s reducing the speed of the train from 40ms~! to 16 ms~!. The train then
continues at a constant speed of 16 ms~! for a further 70s. The diagram shows a speed-time
graph illustrating the motion of the train for the total period of 100s. Find

a the retardation of the train in the first 30s.
b the total distance travelled by the train in 100s.

A train starts from a station X and moves with constant acceleration 0.6 ms~2 for 20s. The
speed it has reached after 20 s is then maintained for T seconds. The train then decelerates
from this speed to rest in a further 40, stopping at a station Y.

a Sketch a speed-time graph to illustrate the motion of the train.

Given that the distance between the stations is 4.2 km, find

b the value of T,

c the distance travelled by the train while it is moving with constant speed.

A particle moves along a straight line. The particle accelerates from rest to a speed of 10ms™!
in 15s. The particle then moves at a constant speed of 10ms~! for a period of time. The
particle then decelerates uniformly to rest. The period of time for which the particle is
travelling at a constant speed is 4 times the period of time for which it is decelerating.

a Sketch a speed-time graph to illustrate the motion of the particle.

Given that the total distance travelled by the particle is 480 m,

b find the total time for which the particle is moving,

¢ sketch an acceleration-time graph illustrating the motion of the particle.

v(ms™') a

10'7
u- :
3

0]

10 12 s

A particle moves 100 m in a straight line. The diagram is a sketch of a speed-time graph of
the motion of the particle. The particle starts with speed ums~! and accelerates to a speed
10ms~!in 3s. The speed of 10ms~! is maintained for 7 s and then the particle decelerates to
rest in a further 2s. Find

a the value of u,
b the acceleration of the particle in the first 3 s of motion.
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4

The diagram is an acceleration-time graph to show the motion of a particle. At time t = Os,
the particle is at rest. Sketch a speed-time graph for the motion of the particle.

11 A motorcyclist M leaves a road junction at time t = Os. She accelerates at a rate of 3ms~2
for 8 s and then maintains the speed she has reached. A car C leaves the same road junction
as M at time t = 0s. The car accelerates from rest to 30ms~! in 20s and then maintains the
speed of 30ms~!. C passes M as they both pass a pedestrian.

a On the same diagram, sketch speed-time graphs to illustrate the motion of M and C.
b Find the distance of the pedestrian from the road junction.

12 A particle is moving on an axis Ox. From time t = O to time t = 325, the particle is travelling
with constant speed 15ms™!. The particle then decelerates from 15ms™! to rest in T seconds.

a Sketch a speed-time graph to illustrate the motion of the particle.
The total distance travelled by the particle is 570 m.

b Find the value of T.

¢ Sketch a distance-time graph illustrating the motion of the particle.

Mixed exercise f13

1 A car travelling along a straight road at 14 ms™! is approaching traffic lights. The driver
applies the brakes and the car comes to rest with constant deceleration. The distance from
the point where the brakes are applied to the point where the car comes to rest is 49 m. Find
the deceleration of the car.

2 Aball is thrown vertically downward from the top of a tower with speed 6 ms™!. The ball
strikes the ground with speed 25 ms~!. Find the time the ball takes to move from the top of
the tower to the ground.

3 v(ms)

u

0 15 23 t(s)

The diagram is a speed-time graph representing the motion of a cyclist along a straight road.
At time t = Os, the cyclist is moving with speed um s~!. The speed is maintained until time

t = 15, when she slows down with constant deceleration, coming to rest when t = 23s.
The total distance she travels in 23 s is 152 m. Find the value of u.
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Kinematics of a particle moving in a straight line

A stone is projected vertically upwards with speed 21 ms~!. Find
a the greatest height above the point of projection reached by the stone,

b the time between the instant that the stone is projected and the instant that it reaches its
greatest height.

A train is travelling with constant acceleration along a straight track. At time t = Os, the
train passes a point O travelling with speed 18 ms~!. At time t = 125, the train passes a point
P travelling with speed 24 ms~!. At time t = 205, the train passes a point Q. Find

a the speed of the train at Q,
b the distance from P to Q.

A car travelling on a straight road slows down with constant deceleration. The car passes
a road sign with speed 40kmh~! and a post box with speed of 24 km h~!. The distance
between the road sign and the post box is 240 m. Find, in ms~2, the deceleration of the car.

A skier is travelling downhill along a straight path with constant acceleration. At time

t = 0s, she passes a point A with speed 6 ms~!. She continues with the same acceleration
until she reaches a point B with speed 15ms~!. At B, the path flattens out and she travels
from B to a point C at the constant speed of 15ms™!. It takes 20s for the skier to travel from
B to C and the distance from A to Cis 615 m.

a Sketch a speed-time graph to illustrate the motion of the skier.
b Find the distance from A to B.
¢ Find the time the skier took to travel from A to B.

A child drops a ball from a point at the top of a cliff which is 82 m above the sea. The ball is
initially at rest. Find

a the time taken for the ball to reach the sea,
b the speed with which the ball hits the sea.
¢ State one physical factor which has been ignored in making your calculation.

A particle moves along a straight line, from a point X to a point Y, with constant
acceleration. The distance from X to Y is 104 m. The particle takes 8 s to move from X to Y
and the speed of the particle at Yis 18 ms~!. Find

a the speed of the particle at X,
b the acceleration of the particle.

The particle continues to move with the same acceleration until it reaches a point Z. At Z
the speed of the particle is three times the speed of the particle at X.

¢ Find the distance XZ.

A pebble is projected vertically upwards with speed 21 ms~! from a point 32 m above the
ground. Find

a the speed with which the pebble strikes the ground,
b the total time for which the pebble is more than 40 m above the ground.
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A particle P is moving along the x-axis with constant deceleration 2.5ms 2. At time t = Os,
P passes through the origin with velocity 20 ms~! in the direction of x increasing.
At time t = 125, P is at the point A. Find

a the distance OA, b the total distance P travels in 12s.

A train starts from rest at a station P and moves with constant acceleration for 45 s reaching
a speed of 25ms~!. The train then maintains this speed for 4 minutes. The train then
uniformly decelerates, coming to rest at a station Q.

a Sketch a speed-time graph illustrating the motion of the train from P to Q.

The distance between the stations is 7 km.

b Find the deceleration of the train.

¢ Sketch an acceleration-time graph illustrating the motion of the train from P to Q.

v(ms™1)

2u -

0 8 20 26 K5

A particle moves 451 m in a straight line. The diagram shows a speed-time graph illustrating
the motion of the particle. The particle starts at rest and accelerates at a constant rate for 8s
reaching a speed of 2ums~! at time t = 265. Find

a the value of u,
b the distance moved by the particle while its speed is less than ums~1.

A particle is moving in a straight line. The particle starts with speed Sms~! and accelerates
at a constant rate of 2ms! for 8s. It then decelerates at a constant rate coming to rest in a
further 12s.

a Sketch a speed-time graph illustrating the motion of the particle.
b Find the total distance moved by the particle during its 20 s of motion.
¢ Sketch a distance-time graph illustrating the motion of the particle.

A boy projects a ball vertically upwards with speed 10ms~! from a point X, which is 50m
above the ground. T seconds after the first ball is projected upwards, the boy drops a second
ball from X. Initially the second ball is at rest. The balls collide 25 m above the ground. Find
the value of T.

A car is moving along a straight road with uniform acceleration. The car passes a check-point
A with speed 12m s~ ! and another check-point C with speed 32ms~!. The distance between
A and Cis 1100 m.

a Find the time taken by the car to move from A to C.
Given that B is the mid-point of AC,
b find the speed with which the car passes B.
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Kinematics of a particle moving in a straight line

A particle is projected vertically upwards with a speed of 30 ms~! from a point A.
The point B is h metres above A. The particle moves freely under gravity and is above B
for a time 2.4s. Calculate the value of h.

Two cars A and B are moving in the same direction along a straight horizontal road. At time
t = 0, they are side by side, passing a point O on the road. Car A travels at a constant speed
of 30m s~ 1. Car B passes O with a speed of 20m s}, and has constant acceleration of 4ms2.
Find

a the speed of B when it has travelled 78 m from O,

b the distance from O of A when B is 78 m from O,

¢ the time when B overtakes A.

A car is being driven on a straight stretch of motorway at a constant speed of 34ms~!,
when it passes a speed restriction sign § warning of road works ahead and requiring speeds
to be reduced to 22 ms~!. The driver continues at her speed for 2 s after passing S. She then
reduces her speed to 22m s~ ! with constant deceleration of 3ms~2, and continues at the
lower speed.

a Draw a speed-time graph to illustrate the motion of the car after it passes S.

b Find the shortest distance before the road works that S should be placed on the road to
ensure that a car driven in this way has had its speed reduced to 22 ms! by the time
it reaches the start of the road works.

A train starts from rest at station A and accelerates uniformly at 3x m s~2 until it reaches a
speed of 30 ms~!. For the next T seconds the train maintains this constant speed. The train
then retards uniformly at x m s 2 until it comes to rest at a station B. The distance between
the stations is 6 km and the time taken from A to B is 5 minutes.

a Sketch a speed-time graph to illustrate this journey.

b Show that 22 + T = 300,
¢ Find the value of T and the value of x.
d Calculate the distance the train travels at constant speed.

e Calculate the time taken from leaving A until reaching the point half-way between
the stations.
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Summary of key points.

1 You need to know these symbols and what they represent.

s | displacement (distance)

u | starting (initial) velocity

v | final velocity

a | acceleration

t | time

2 If a particle is slowing down it has a negative acceleration. This is called deceleration or
retardation.

3 Convert all your measurements into base SI units before substituting values into the
formulae.

Measurement |SI unit

time (f) seconds (s)

displacement (s) | metres (m)

velocity (v or u) | metres per second (ms™!)

acceleration (a) | metres per second per second (m s 2)

4 You need to remember the five formulae for solving problems about particles moving in a
straight line with constant acceleration.

o v=u-+at

o Sz(u-l-v)t

2
o VvZ=u?+ 2as
o s=ut+%at2

o s=vt—laf

5 An object moving vertically in a straight line can be modelled as a particle with a constant
downward acceleration of § = 9.8 ms2.

6 The gradient of a speed-time graph illustrating the motion of a particle represents the
acceleration of the particle.

7 The area under a speed-time graph illustrating the motion of a particle represents the
distance moved by the particle.

8 Area of a trapezium = average of the parallel sides X height
=Xa+Db)xh

9 At constant speed, distance = speed X time
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After completing this chapter you should be able to

e solve problems involving the forces acting on a body
moving in a straight line with constant velocity or
constant acceleration

e resolve a force into its components

e understand the coefficient of friction and solve problems
involving friction

e solve problems involving collisions between bodies
e understand the Impulse — Momentum principle.

Dynamics of a particle
moving in a straight line

A force is what causes an object or particle to
accelerate. Newton'’s first law of motion states that an
object will remain at rest or will continue to move in a
straight line at a constant speed unless it is acted upon
by a resultant force.

Newton’s third law
R Normal reaction exerted of motion states that
on the book by the table. every a ction has an
equal and opposite
reaction. This means
that if a body P exerts

Force exerted on the

table by the book. a force on a bOdy
R Both forces have the Q, then Q exerts an
same magnitude. equal force on Pin the

opposite direction.

This book exerts a downward force of magnitude R on

the table. The table is also exerting an upward force of
equal magnitude on the book. This is called the normal
reaction between the book and the table.
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This tram is moving at a
constant speed in a straight
line. Although there are
many forces acting on the
tram (including the thrust
of the engine, the friction of
air resistance and the force
of gravity) these forces are
balanced. This means there
is no resultant force



CHAPTER 3

3,1 You can use Newton'’s Laws and the formula F = ma to solve problems involving

force and acceleration.

Newton’s second law of motion states that the force needed to accelerate a particle is equal
to the product of the mass of the particle and the acceleration produced.

The unit of force is the newton (N). It is defined as the force that will cause a mass of 1kg to
accelerate at a rate of 1 ms=2.

F=ma

This equation of motion gives a relationship between the resultant force, F newtons, acting
on a particle of mass m kg producing an acceleration of ams2.

You need to be able to understand the different types of force that can act on an object.

The normal reaction is the force which acts perpendicular to a surface when an object is in
contact with the surface. In the example on the previous page, the normal reaction is equal
in magnitude to the weight of the book.

Friction is a force e If an object is being e If an object is being pushed
which opposes the pulled along by a string, along using a light rod, the
motion between two the force acting on force acting on the object
rough surfaces. the object is called the is called the thrust or
tension in the string. compression in the rod.
Direction Tension
of motion in string

Thrust or.
Frictional compression

force in rod

An object moving through air or fluid will experience resistance due to friction between the
object and the air or fluid. This force opposes the motion of the object.

gravity acting on an object is called the weight of the object, and it acts W =mg
vertically downwards. A body falling freely experiences an acceleration of

g = 9.8 ms 2 Using the relationship F = ma we can write a formula for the W
weight of a body of mass m.

Gravity is the force between any object and the Earth. The force due to I i R())

8

W= mg

When there is more than one force acting on an object you can resolve the forces in a certain
direction to find the resultant force in that direction. You usually resolve in the direction
of the acceleration and perpendicular to the direction of the acceleration.

In your answers, you should use the letter R, together with an arrow, e.g. R() to indicate the
direction in which you are resolving the forces.
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Dynamics of a particle moving in a straight line

Find the weight in newtons of a particle of mass 12 kg.

W= mg

=12X 958

=117.6
The particle weighs 120 N, . N
correct to two significant f’igum@\ ]\c(i;tjjrr;a.\Itéeivzfy%:frca%rsrsvcetrt;tmg z;gr:gmant

degree of accuracy.

Example 3

Find the acceleration when a particle of mass 1.5 kg is acted on by a resultant force of 6 N.

F=ma
— Substitute the values you know and solve
© =1ba . .
the equation to find a.
a=4

The acceleration is 4ms2.

Example [}

In each of these diagrams the body is accelerating as shown. Find the magnitudes of the
unknown forces X and Y.

a 2ms2 b 2ms2
—>> 44—
Y Y
T ZONT
v
AN4¢— 2kg —»X SON4—— 4kg —»X
2gN 4gN
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CHAPTER 3

! R(—), means apply F = ma in the
a R(—=),X—-4=2X2 direction of the arrow i.e. the arrow
X = &N is the positive direction.
On one side of the equation we
include all the forces, giving each
one the correct sign.
On the other side, we have
mass X acceleration, giving the
acceleration the correct sign.
R(I),Y—29=2X0 Zh:er(e; is no vertical acceleration, so
Y =2g
=19.0N
It is usually easier to take the
: positive direction as the direction of
b R(—). 80 - X =4 X2 the acceleration.
X =72N
R(1),Y — 20 — 4g=4 X O therg is no vertical acceleration, so
Y =20+ (4 X 9.86)
=59.2N
= 59N (2 af)

Remember that g should be taken as 9.8 ms~2.

1 Find the weight in newtons of a particle of mass 4 kg.
2 Find the mass of a particle whose weight is 490 N.

3 The weight of an astronaut on the Earth is 686 N. The acceleration due to gravity on the
Moon is approximately 1.6 ms~2. Find the weight of the astronaut when he is on the Moon.

4 Find the force required to accelerate a 1.2 kg mass at a rate of 3.5ms 2.
5 Find the acceleration when a particle of mass 400 kg is acted on by a resultant force of 120 N.

6 An object moving on a rough surface experiences a constant frictional force of 30N which
decelerates it at a rate of 1.2m s 2. Find the mass of the object.
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Dynamics of a particle moving in a straight line

7 In each of the following scenarios, the forces acting on the body cause it to accelerate as
shown. Find the magnitude of the unknown forces P and Q.

a P b P 10N c 6 ms-2

b L3

l l 4N4—— 5kg —»P
2gN 4gN l
S5gN

8 In each of the following situations, the forces acting on the body cause it to accelerate as
shown. In each case find the mass of the body, m.

a 10N b 20N C 10N 8N

. . L
il Tl ”1

mgN mgN mgN

9 In each of the following situations, the forces acting on the body cause it to accelerate as
shown with magnitude ams~2. In each case find the value of a.

a 8N b 100N C 30N 20N

i T i
o 5 '

2gN 8gN 4gN

10 The diagram shows a block of mass 4 kg attached to a vertical rope.
T

T

4kg

l

4gN

Find the tension in the rope when the block moves downwards a with an acceleration
of 2ms~2, b at a constant speed of 4ms~!, ¢ with a deceleration of 0.5ms 2.
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3,2 You can solve problems involving forces by drawing a diagram showing all the
relevant forces and resolving in one or more directions as necessary.

A particle of mass Skg is pulled along a rough horizontal table by a horizontal force of
magnitude 20 N against a constant friction force of magnitude 4 N. Given that the particle is

initially at rest find
a the acceleration of the particle,

b the distance travelled by the particle in the first 4 seconds,
¢ the magnitude of the normal reaction between the particle and the table.

ams?
—>>
RN

}

4N 44— Skg —>»20N

!

5gN

R(—), 20 — 4 =53

_16 _
a 5 3.2
The particle accelerates at 3.2 m 572,

b 92ut+1§at2k//

5= (0X4) + 5 XB2X 4
=256

The particle moves a distance of
25.6 m.

¢ R(1).R—5Bg=5X0=0-+
R=59=5X98 = 49N

The normal reaction has magnitude
49 N.
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Draw a diagram showing all the forces
and the acceleration.

Resolving horizontally, taking our
positive direction as the direction of the
acceleration, and using F = ma.

Since the acceleration is constant.

Substituting in the values.

Resolving vertically, taking up as positive.
Write all the forces on the left-hand-side
of the equation and mass X acceleration
on the right-hand-side.




Dynamics of a particle moving in a straight line

Example |

A small pebble of mass 500 g is attached to the lower end of a light string. Find the tension in the
string when the pebble

a is moving upwards with an acceleration of 2ms2,

b is moving downwards with an acceleration of 3ms~2,
¢ is moving downwards at a constant speed of 5Sms~1.
d is moving downwards with a deceleration of 4ms 2.

Draw a diagram showing all the forces and

z! T the acceleration.
2 msZT
0.5gN Convert 500g into 0.5 kg first.
R(1), T—05g=05 X2 « Resolving vertically upwards, in the direction
T=59N of the acceleration.
b T
3ms-? Draw a diagram showing the forces and
s acceleration.
0.5gN
R(]), 059 —T=05X3" Resolving vertically downwards, in the
direction of the acceleration.
T=34N
c T
0 mszi @
0.5gN
R(]), 059 —T=05 X0 Constant speed means zero acceleration.
T=49N o )
Deceleration is shown as negative
d T acceleration.
-4 ms‘zi %
0.5gN
R(l),0b5g9g —T=05 X —4 Resolving, taking downwards as positive.
T=09N
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1

A ball of mass 200 g is attached to the upper end of a vertical light rod. Find the thrust in the
rod when it raises the ball vertically with an acceleration of 1.5 ms2.

A small pebble of mass 50 g is dropped into a pond and falls vertically through it with an
acceleration of 2.8 ms~2. Assuming that the water produces a constant resistance, find its
magnitude.

A lift of mass 500 kg is lowered or raised by means of a metal cable attached to its top. The
lift contains passengers whose total mass is 300 kg. The lift starts from rest and accelerates at
a constant rate, reaching a speed of 3 ms~! after moving a distance of 5m. Find

a the acceleration of the lift,
b the tension in the cable if the lift is moving vertically downwards,
¢ the tension in the cable if the lift is moving vertically upwards.

A block of mass 1.5 kg falls vertically from rest and hits the ground 16.6 m below after falling
for 2s. Assuming that the air resistance experienced by the block as it falls is constant, find
its magnitude.

A trolley of mass 50 kg is pulled from rest in a straight line along a horizontal path by means
of a horizontal rope attached to its front end. The trolley accelerates at a constant rate and
after 2s its speed is 1 ms~1. As it moves, the trolley experiences a resistance to motion of
magnitude 20 N. Find

a the acceleration of the trolley, b the tension in the rope.

A trailer of mass 200 kg is attached to a car by a light tow-bar. The trailer is moving along a
straight horizontal road and decelerates at a constant rate from a speed of 15ms~! to a speed
of Sms~!in a distance of 25 m. Assuming there is no resistance to the motion, find

a the deceleration of the trailer, b the thrust in the tow-bar.

A woman of mass 60Kkg is in a lift which is accelerating upwards at a rate of 2ms2.
a Find the magnitude of the normal reaction of the floor of the lift on the woman.
The lift then moves at a constant speed and then finally decelerates to rest at 1.5ms2.

b Find the magnitude of the normal reaction of the floor of the lift on the woman during
the period of deceleration.

¢ Hence explain why the woman will feel heavier during the period of acceleration and
lighter during the period of deceleration.

The engine of a van of mass 400 kg cuts out when it is moving along a straight horizontal
road with speed 16 ms~!. The van comes to rest without the brakes being applied.

In a model of the situation it is assumed that the van is subject to a resistive force which has
constant magnitude of 200 N.

a Find how long it takes the van to stop.
b Find how far the van travels before it stops.
¢ Comment on the suitability of the modelling assumption.
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Dynamics of a particle moving in a straight line

9 Albert and Bella are both standing in a lift. The mass of the lift is 250 kg. As the lift moves
upward with constant acceleration, the floor of the lift exerts forces of magnitude 678 N
and 452 N respectively on Albert and Bella. The tension in the cable which is pulling the lift
upwards is 3955 N.

a Find the acceleration of the lift.
b Find the mass of Albert.
¢ Find the mass of Bella.

10 A small stone of mass 400g is projected vertically upwards from the bottom of a pond full of
water with speed 10ms~!. As the stone moves through the water it experiences a constant
resistance of magnitude 3N. Assuming that the stone does not reach the surface of the pond, find

a the greatest height above the bottom of the pond that the stone reaches,
b the speed of the stone as it hits the bottom of the pond on its return,
¢ the total time taken for the stone to return to its initial position on the bottom of the pond.

3,3 If a force is applied at an angle to the direction of motion you can resolve it to
find the component of the force that acts in the direction of motion.

This book is being dragged along the table by means of a force of magnitude F. The book is
moving horizontally, and the angle between the force and the direction of motion is 6.

FN

B Direction
of motion

The effect of the force in the direction of motion is the length of the line AB. This is called the
component of the force in the direction of motion. Using the rule for a right-angled
adjacent
hypotenuse
called resolving the force in the direction of motion.

triangle cos 6 = you can see that the length of AB is F X cos 6. Finding this value is

B The component of a force of magnitude F in a certain direction is F cos 6, where @ is the size
of the angle between the force and the direction.

FN

FN D : o\
—_— e > I >D FN 189 ------- »D

If F acts in the direction If F acts at the right angles If F acts in the opposite direction
D, then the component of to D, then the component to D, then the component of F' in
F in that direction is of F in that direction is that direction is
FcosO°=Fx1=F Fcos90°=F x0=0 Fcos180°=F X -1 = —-F
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Find the component of each force in i the x-direction, ii the y-direction.

a YA b A
! 9N !
_____________ e
i X X
' 100N
a i 60=40
Component in x-direction = F cos 6
= 9 X c0s5 40°
— Give your answers correct
SN (@ @) to three significant figures.
ii y 0 = 90° — 40°

= b0O° Make sure you find the
9N \ angle between the force

and the direction you are

ey

resolving in.
_______________________ >
! X
Component in y-direction = F cos 0 You are resolving in the
_ . positive x-direction so your
= 9 X cos 50 answer is going to be negative.
= 579N (3 &f)
‘4
b i 6 =90+ 18° i
YA :
: = 10&° |
e e o R >
| | x
100N
| You could resolve in the
100N negative x-direction using
, , , 6 = 90° — 18°, then change
Component in x-direction = F cos 0 the sign of your answer
=100 X cos 108° from positive to negative,
i.e. component
= —30.9N (3 af) = —100 cos 72°
= —30.9N (3 s.f.)
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Dynamics of a particle moving in a straight line

ii 0 =1860° —1&° You could use § = 18° then
change the sign of your

A
E = 1oz answer from positive to
: negative, i.e. component
| = —100 cos 18°
____________ ey = —95.1N (3 s.f.).
! x
100N
Component in y-direction = F cos 0
=100 X cos 162°
= —95.1N (3 af)
Exercise
1 Find the component of each force in
i the x-direction, ii the y-direction.
a g b 5 c YA
' e 8N
—————— :————————————————> ————————————E B et
X ' X
SN

10N

2 For each of the following systems of forces, find the sum of the components in
i the x-direction, ii the y-direction.

(o]
=2
>

a Y SN

PN

e~

[P EE— A <= P — >

6N

QY

QN

RN
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CHAPTER 3

3.4 You can calculate the magnitude of a frictional force using the coefficient of friction.

Friction is a force which opposes motion between two rough surfaces. It occurs when the two
surfaces are moving relative to one another, or when there is a tendency for them to move
relative to one another. R

This block is stationary. There is no horizontal force T
being applied, so there is no tendency for the block to
move. There is no frictional force acting on the block.

m
////l///
mg

This block is also stationary. There is a horizontal R
force being applied which is not sufficient to move T
the block. There is a tendency for the block to move,
but it doesn’t because the force of friction is equal T " F
and opposite to the force being applied. 77 /l hdrd
mg
As the applied force increases, the force of friction R
increases to prevent the block from moving. If the T Direction
magnitude of the applied force exceeds a certain —» ¢ motion
maximum or limiting value, the block will move. T " Py
While the block moves, the force of friction will A /l A dad
remain constant at its maximum value. meg

The limiting value of the friction depends on two things:
o the normal reaction R between the two surfaces in contact,
o the roughness of the two surfaces in contact.
You can measure roughness using the coefficient of friction, which is represented by the

letter u (pronounced myoo). The rougher the two surfaces are, the larger the value of u. For
smooth surfaces there is no friction and u = 0.

B The maximum or limiting value of the friction Fy,x between two surfaces is given by

Fvax = pR
where pu is the coefficient of friction and R is the normal reaction between the two surfaces.

Example

Find the maximum frictional force which can act on a block of mass 4 kg which rests on a rough
horizontal plane, if the coefficient of friction between the block and the planeisa 0.2, b 0.7.

a R
First draw a diagram showing all the
Skg forces acting on the block.

////l///

5gN
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Dynamics of a particle moving in a straight line

R(1),R—49=4X0=0* There is no acceleration upwards.
R =39.2N

Fusx = MR = 0.2 X 39.2 *

=784 =78N(2sf)

b As before, R = 39.2N /
Fusx = uR = 0.7 X 39.2

= 2744 =27N (2 6f) ————

You can now calculate the maximum
‘available’ friction force.

You now have a different value for w.

Since u is higher there is more friction
‘available’.

Example

A block of mass 5kg lies at rest on rough horizontal ground. The coefficient of friction between the
block and the ground is 0.4. A horizontal force P is applied to the block. Find the magnitude of the
friction force acting on the block and the acceleration of the block when the magnitude of P is

a 10N, b 19.6N, c 30N.

R First draw a diagram showing all
T the forces acting on the block.
P—b S5kg You then need to calculate what
< F the maximum possible friction
force is in this situation.
5gN
The normal reaction will equal
R(T), R=5g = 49N = the weight as there is no
eo Fuam = iR = 0.4 X 49 acceleration upwards.
=19.0N
Do not round this value as
The maximum available friction force is 19.6 N. you will need to use it in your

calculations.
a When F = 10N, the friction will only need to be

10N to prevent the block from sliding and the
block will remain at rest in equilibrium.

b When F = 19.6N, the friction will need to be
at its maximum value of 19.6 N to prevent the
block from sliding, and the block will remain at
rest in limiting equilibrium.

¢ When F = 30N, the friction will be unable
to prevent the block from sliding, but it will
remain at its maximum value of 19.6 N. The
block will accelerate from rest along the plane
in the direction of F with acceleration a.
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30N . Draw a diagram showing all the
—» Skg forces and the acceleration.
| 19.6N
l Resolving in the direction of the

S5gN / acceleration.
R(—), 30 — 19.6 = 52

The answer is rounded to two
a=208=21ms?(2af)——— significant figures as we have
used g = 9.8 ms 2.

B If aforce Pis applied to a block of mass m which is at rest on a rough horizontal surface and
P acts at an angle to the horizontal:

e the normal reaction R is not equal to mg,

e the force tending to pull or push the block along the plane is not equal to P.

Example [E]

A 5kg box lies at rest on a rough horizontal floor. The coefficient of friction between the box and
the floor is 0.5. A force P is applied to the box to pull or push it horizontally along the floor.
Find the magnitude of P which is necessary to achieve this if

a Pis applied horizontally,

b Pis applied at an angle a above the horizontal, where tan « = %
¢ Pis applied at an angle « below the horizontal, where tan « = %
a R
p . Draw a diagram showing the
F MAX Ske forces acting.
5¢N There is no acceleration
. —1 upwards.
R(T), R—5g=5X0=0
R=5g = 49N
. Find the maximum possible
Fuax = uR = 0.5 X 49 friction force.

= 245N

In the position of limiting equilibrium there is
ho acceleration, so F = Fyu = 245N

F must exceed 24.5 N.
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Dynamics of a particle moving in a straight line

b  Note that if tan a = %
3 > 3
then sin o = = = 0.6
5
and cos a = % = 0.6. 4
R
T P
S
FMAX Skg -------
5¢N

R(T), R+ Fcos (90° — a) —5g =0
R=49 — Psina = 49 — O.6F
R(_>), PCOSCY—FMszo C

Draw a new diagram.
Again there is no acceleration
upwards.

cos (90° — a) = sina
= 0.6

|» No acceleration horizontally.

Fcos a = Fyay
Fusa = R = 0.5(49 — 0.6F)

So  0.8F = 05(49 — 0.6P)

0.6F =245 — 0.3F

Use the expression for R found
above.

’7 Use cos a = 0.8.

Multiply out.

—

1P =245

Collect the P terms.

P=22N(2af)"
F must exceed 22 N. +

R

|

L Solve for P.

Note that this is less than the
value found in part a.

Sk
>ON & FMAX

5¢N

A

R(1).,R—5g — FPcos (90° — a) =5 X O
=0

Draw another diagram.

There is no acceleration vertically.

Use cos (90° — a) = sin a as

R=5g + FPsina
= 49 + 0.6F
FMAX=MR :O.5(49+O.6P) ¢

before.

Use the expression for R found

=245 + 0.3F

above.

R(ﬁ),PCOSa_FMAX:5XO:O

No acceleration horizontally.

OF =245 + 0.5F — 1
08 509 Substituting for fax from above.

O0bF =245
F=49N
F must exceed 49 N. «

Note the size of this answer

50

compared with b.



CHAPTER 3

1 Fach of the following diagrams shows a body of mass 5kg lying initially at rest on rough
horizontal ground. The coefficient of friction between the body and the ground is % In each
diagram R is the normal reaction from the ground on the body and F is the friction force exerted
on the body by the ground. Any other forces applied to the body are as shown on the diagram.
In each case
i find the magnitude of F,

ii state whether the body will remain at rest or accelerate from rest along the ground,

iii find, when appropriate, the magnitude of this acceleration.

a R b R C R
3N 7N 12N
F Skg —» F Skg —» F Skg —»
5¢N 5¢ N 5S¢ N
d R 14N e R 14N f ? 14N
6N 9N 12N
F S5kg —» F S5kg —» F, Skg —»
5¢N S5¢N 5S¢ N
g ? 14TN h IT?, 14TN i ? 14TN
3N 5N 6N
F Skg —» F Skg +—» F Skg —»
5gN 5gN S5gN
j R 14N Kk R 28N 1 6N p
30 30 45°
5kg Skg
e " I K8 | F
5¢N S5gN 5aN

2 In each of the following diagrams, the forces shown cause the body of mass 10kg to accelerate
as shown along the rough horizontal plane. R is the normal reaction and F is the friction force.

Find the coefficient of friction in each case.

a R b R c R
T 20N T 20N 20 V2N
F, 10kg 30° F, 10kg 60° 45° 10kg F
10gN 10gN 10gN
—>> —>> —>>
1 ms2 0.5ms™2 0.5ms™?
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Dynamics of a particle moving in a straight line

3.5 You can solve problems about a particle on an inclined plane by resolving the
forces parallel and perpendicular to the plane.

B If a particle of mass m is placed on a smooth inclined plane and released it will slide down
the slope.

Resolve in the direction of motion, which is
down the slope.
R(/) _migcos (90° — 6) = md
gcos(90° - 60) =a
gsinf=a

S S S S S S S S S

The mass of the particle does not affect the acceleration, but the angle of the slope does.

If the plane is rough, the force of friction might be sufficient to prevent the particle from
moving.

Resolve perpendicular to the plane. Remember
that the normal reaction acts at right-angles to
the plane.
R(\) R—mgcosd=mXxX0=0

R = mg cos 0
Now resolve in the direction of the slope. If the
particle is stationary:
S S S S S S S SS R(/) mgcos(90°— 0 —F=mx0=0

mgsin § = F
The frictional force F is always less than or equal
to Fyiax-
F< puR
mg'sin 6 < umig cos 6

sin 6 _
cos 60
tan 0 < u

B A particle placed on a rough inclined plane will remain at rest if tan 6 < u, where @ is the
angle the plane makes with the horizontal and u is the coefficient of friction between the
particle and the plane.

If tan # > u then the particle will accelerate down the slope.

52



CHAPTER 3

Example [}

A particle is held at rest on a rough plane which is inclined to the horizontal at an angle «, where
tan a = 0.75. The coefficient of friction between the particle and the plane is 0.5. The particle is

released and slides down the plane. Find
a the acceleration of the particle,
b the distance it slides in the first 2 seconds.

mgN

RN\ R—mgcosa=mX0=0

R = mgcos a @ ‘—
R(,), mgsina— uR = ma @)

From equation @,
R=0.6mg »

Then equation @ becomes

0.6pig — 0.5 X (0.6pig) = wia
Obg— 049 =a
029=a

The acceleration of the particle is 0.2g or
196 ms 2 (3 ef) or20ms 2 (2 6.f)

b Since the acceleration is constant we can use
a formula:

U=0,a=02gt=26=7
1

ut + —at? »
2

)
Il

5=o+%xa%x22

=392 = 39 (2 5f)

The particle slides 3.9 m (2 s.f.) down the plane.
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Draw a diagram showing all

the forces and the acceleration.
Note that you are not given the
mass of the particle so call it m.

Since the particle slides down
the plane friction will be
limiting, so uR = 0.5R

Resolving perpendicular to the
acceleration.

Resolving in the direction of the
acceleration.

If tana=0.75=2,

4

cosa=14%=028

and sina =2 =06

(or use your calculator)

Substitute for sin a, w and R
and cancel the m’s.

Any of these answers would be
acceptable.

Choose the appropriate
formula.

Substitute in the values.



Dynamics of a particle moving in a straight line

A box of mass 2kg is pushed up a rough plane by a horizontal force of magnitude 25 N. The
plane is inclined to the horizontal at an angle of 10°. Given that the coefficient of friction
between the box and the plane is 0.3, find the acceleration of the box.

Draw a diagram showing all
forces and the acceleration.
Note that friction will be
limiting, since the box is sliding.

2gN

Resolving perpendicular to the
acceleration.

R(\), R —29¢c0510° — 25 ¢c0o5 &60° =2 X 0 =0
R = 2g cos 10° + 25 cos &0° @)

Resolving in the direction of the
acceleration.

R("), 25 cos 10° — 2g cos 80° — 0.5R = 223

25 c0s 10° — 29 cos 60°
— 0.3 (29 cos 10° + 25 cos 60°) = 2a

(25 — 0.6g) cos 107
— (29 + 75) cos &0° = 223
14124 ... = 23
a =71ms 2(2sf)

The box accelerates up the plane at 7.1ms™= (2 s.f).

Substituting for R from equation
® and simplifying.

Exercise F13

1 A particle of mass 0.5kg is placed on a smooth inclined plane. Given that the plane makes
an angle of 20° with the horizontal, find the acceleration of the particle.

2 The diagram shows a box of mass 2 kg being pushed up a smooth plane by a horizontal force
of magnitude 20N. The plane is inclined to the horizontal at an angle «, where tan a = %

20N @

a

Find
a the normal reaction between the box and the plane,
b the acceleration of the box up the plane.
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A boy of mass 40 kg slides from rest down a straight slide of length 5 m. The slide is inclined
to the horizontal at an angle of 20°. The coefficient of friction between the boy and the slide
is 0.1. By modelling the boy as a particle, find

a the acceleration of the boy,
b the speed of the boy at the bottom of the slide.

A block of mass 20 kg is released from rest at the top of a rough slope. The slope is inclined
to the horizontal at an angle of 30°. After 6 s the speed of the block is 21 ms~!. As the block
slides down the slope it is subject to a constant resistance of magnitude RN. Find the value
of R.

A book of mass 2kg slides down a rough plane inclined at 20° to the horizontal. The
acceleration of the book is 1.5 ms~2. Find the coefficient of friction between the book and
the plane.

A block of mass 4 kg is pulled up a rough slope, inclined at 25° to the horizontal, by means
of a rope. The rope lies along the line of the slope. The tension in the rope is 30 N. Given
that the acceleration of the block is 2 ms~2 find the coefficient of friction between the block
and the plane.

A parcel of mass 10kg is released from rest on a rough plane which is inclined at 25° to the
horizontal.

a Find the normal reaction between the parcel and the plane.
Two seconds after being released the parcel has moved 4 m down the plane.
b Find the coefficient of friction between the parcel and the plane.

A particle P is projected up a rough plane which is inclined at an angle « to the horizontal,
where tan & = 2. The coefficient of friction between the particle and the plane is 1. The
particle is projected from the point A with speed 20ms~! and comes to instantaneous rest at

the point B. 3
a Show that while P is moving up the plane its deceleration is 1_5g
b Find, to three significant figures, the distance AB.

¢ Find, to three significant figures, the time taken for P to move from A to B.
d Find the speed of P when it returns to A.

3,6 You can solve problems involving connected particles by considering the

particles separately.

If a system involves the motion of more than one particle, the particles may be considered
separately. Particular care is then needed to ensure that all the forces acting on each particle are
considered.

Provided that all parts of the system are moving in the same straight line, then you can also
treat the whole system as a single particle.
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Dynamics of a particle moving in a straight line

Example [}

Two particles P and Q, of masses 5kg and 3 kg respectively, are connected by a light
inextensible strong. Particle P is pulled by a horizontal force of magnitude 40 N along a rough
horizontal plane. The coefficient of friction between each particle and the plane is 0.2.

The string is taut.

a Find the acceleration of each particle.
b Find the tension in the string.
¢ Explain how the modelling assumptions that the string is light and inextensible have

been used.
a
a
Rl _,» RZ
Q T i T P Each mass will have
A I40N a different normal
< 3ke 4 ! ; Ske reaction and therefore
0.2R, | 0.2R, l a different friction.
3gN i 5N
For Q:R(1), R, —3g=0
= No acceleration
Ri= 29N upwards.
For F: R(1), R, —Bg = O
R, =b5gN
2 g You can do this
For the whole system (F and Q):+ because both masses
are moving in the
R(—=), 40 — (0.2 X 3g) — (0.2 X bg) = &a same straight line.
40 — 1.6g = &a

The tension in the
a=2304ms 2 string is not included

The acceleration of each mass is 3.04 m s~ 2 since the as you are treating
the whole system as a

string is inextensible. single particle.

To find T consider one
b For Q: R(—>), T—0.2X 5@ =3 X 304 - of the particles. Itis
_ easier to consider Q
T=1N rather than P.

The tension in the string is 15 N.

¢ Inextensible = acceleration of masses is the same.

light = tension is the same throughout the
length of the string and the mass of
the string is negligible.
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CHAPTER 3

A light scale-pan is attached to a vertical light inextensible string.
The scale-pan carries two masses A and B. The mass of A is 400 g
and the mass of B is 600 g. A rests on top of B, as shown in the diagram.

The scale-pan is raised vertically, using the string, with
acceleration 0.5ms 2.

a Find the tension in the string.
b Find the force exerted on mass B by mass A.
¢ Find the force exerted on mass B by the scale-pan.

a
0.6g N
For the whole system: «
R(T) T—049 — 06g= (04 + 0.0)a
!
50, T—9g=1X05b
T=10.5N
The tension in the string is 10.5N (3 s.f.)
or 10N (2 s.f.).
b R

1

Al 0.4kg TO.S ms2

0.4gN

For A only:

R(1) R—04g9=04X05-+
R = 412N

So the force exerted on B by A is
412N (3 af.) or 41N (2 &.f.).
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400g
600g

You can use this since all parts of
the system are moving in the same
straight line.

Note that we must convert 4009 to
0.4 kg and 600 g to 0.6 kg.

a = 0.5.

Simplify.

We find the force exerted on A by B
and then use Newton'’s 3rd Law to say
that the force exerted on B by A will
have the same magnitude.



Dynamics of a particle moving in a straight line

3,7 You can calculate the momentum of a particle and the impulse of a force.

B The momentum of a body of mass m which is moving with velocity vis mv.

If misin kg and vis in ms™! then the momentum will be kgms™!.

However, since kgms~! = (kgms ?)s and kgm s ™2 are the units
for force (F = ma) you can also measure momentum in N's.

Example

Find the magnitude of the momentum of
a a cricket ball of mass 400 g moving at 18 ms™!,

b alorry of mass 5 tonnes moving at 0.3 ms™ .

Velocity is a vector
quantity and mass is a
scalar, so momentum
is a vector quantity.

The mass must

’7 be in kg.

The units can be

a Momentum = mass X velocity
)
. 400
e —— >< pu— .
Magnitude of momentum 000 16 =72Ns
b Momentum = mass X velocity

Nsor kgms™'.

The mass must

’7 be in kg.

Magnitude of momentum
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4
(5 X 1000) X 0.3 = 1500 kgme ™! ++——

The units can be
Nsorkgms™'.



B If a constant force F acts for time t then we define the impulse of the force to be Ft.

If Fisin N and fis in s then the units of impulse Force is a vector quantity and time is a
will be N's. scalar, so impulse is a vector quantity.

Examples of an impulse include a bat hitting a ball, a snooker ball hitting another ball or a jerk
in a string when it suddenly goes tight. In all these cases the time for which the force acts is very
small but the force is quite large and so the product of the two, which gives the impulse, is of
reasonable size. However, there is no theoretical limit on the size of t.

Suppose a body of mass m is moving with an initial velocity u and is then acted upon by a force F
for time t. This results in its final velocity being v.

Its acceleration is given by a = 14 ; u
Substituting into F = ma: F = m(V ; u) The impulse of the force I is given by:
I = Ft.
Ft=m(v — u)
= my — mu

[ I=mv—mu
. . This is a vector equation, so a positive
Impulse = Final momentum — Initial momentum direction must be chosen and each

. value given the correct sign.
Impulse = Change in momentum

This is called the Impulse-Momentum Principle.
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Dynamics of a particle moving in a straight line

A body of mass 2kg is initially at rest on a smooth horizontal plane. A horizontal force of
magnitude 4.5 N acts on the body for 6s. Find

a the magnitude of the impulse given to the body by the force,
b the final speed of the body.

a Magnitude of the impulse = force X time
=45 X 6 = 27Ns. +——————— The units can be Ns or kgms~'.

b Impulse = Final momentum — Initial momentum
27 =2v—0 The body is at rest initially.

yv=135msg""

Example [E

A ball of mass 0.2kg hits a fixed vertical wall at right angles with speed 3.5ms!. The ball
rebounds with speed 2.5ms™!. Find the magnitude of the impulse exerted on the wall by the ball.

This diagram shows the initial and final Because the wall is fixed you cannot apply

" . the Impulse-Momentum Principle to it. Find
velocities of the ball and the impulse i e et 1t e @i

acting on it. the ball by the wall and then use Newton’s
3rd Law to deduce that the magnitude of
the impulse exerted on the wall by the ball
3.5ms! with be the same.

@ < I Note that this is a plan view of the situation.

2.5ms™!
Choose a positive direction and apply the
Impulse-Momentum Principle to the ball.

The initial velocity is in the negative
direction.

(—) I= (02X 25) — (0.2 X (=3.5))
=05+ 0.7
=12Ns

Therefore, by Newton's 3rd Law, the
magnitude of the impulse exerted on
the wall by the ball is 1.2 N e.
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